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Optimal solution. Dynamic
programming



Recap: RL principle

Reward function p

action u

@ Interact with system: measure states, apply actions
@ Performance feedback in the form of rewards
@ Inspired by human and animal learning



Recap: RL elements

reward r=5

i
- ~0O

next state x’

@ Measure state x
@ Apply action u
per policy u = h(x)
@ Reach new state x’ )
per transition function x’ = f(x, u), or x' = f(x, u, -)
@ Receive reward r = quality of the transition
per reward function r = p(x, u), or r = p(x, u, x’)



Part Il in plan

@ Reinforcement learning problem

@ Optimal solution

@ Exact dynamic programming

@ Exact reinforcement learning

@ Approximation techniques

@ Approximate dynamic programming
@ Approximate reinforcement learning
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0 Optimal solution — deterministic case
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Objective recap and V-function

Find optimal policy h* that from any xo maximizes return
Vi(xo) == kZO Y hir = kZO Y p(Xk, h(Xx))

V is also called V-function or value function; it is the long-term
accumulated reward by following h from xg [ [)
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Q-function

Q-function under a policy h
measures the quality of state-action pairs:

Q"(xo, Uo) := p(Xo, Uo) +vV"(x1)
(the return obtained by performing ug in X and then following h)
@ Note that V/(x) = Q"(x, h(x))

@ Q-function leaves the choice of the first action uy open;
the rest of the actions are chosen using h:

r,=0 r,=0 r,=5
U=t Y Y

+ O

X,=2
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Q-value illustration

Q"(xo, to) = p(x0, Uo) + v V"(x1)
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V- and Q-functions

@ In this part, we give the math in terms of V-functions first,
then Q-functions

@ For simplicity, some methods and examples are given for
Q-functions only

@ Later on, we will prefer Q-functions as they are easier to
use for choosing actions
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Bellman equation for V"

@ Expand V-function one step
forward:

V(x0) = > 7 p(xk, h(xk))
k=0

= p(Xo, h(X0)) +vV"(x1)

Recall: x1 = f(xo, Up)

= Bellman equation for /" |

VA(x) = p(x, h(x)) + 7 V'(f(x, h(x)))
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Bellman equation for Q"

@ Expand Q-function one step
forward:

Q" (x0, to) = p(Xo, Uo) +7V"(x1)
=p(Xo, Up)+
Yo(x1, h(x1)) + vV (x2)]
=p(Xo, o) +7Q"(x1, h(x1))

and since as above x; = f(xp, Up)

= Bellman equation for Q" |

Q"(x, u) = p(x, u) +vQ"(f(x, u), h(f(x, u)))
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Cleaning robot: Q-function example

Discount factor v = 0.5
Policy h(x) = 1, always go right

l
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The optimal solution

@ Optimal V-function and Q-function:

V* = m;’;\x vh Q= mﬁx Q"

@ Any greedy policy in either V* or Q*:
h*(x) € arg max [p(x, u) + 7 V*(f(x, u))]
u
Q*(x,u)
h*(x) € argmax Q*(x, u)
u

is optimal (achieves maximal returns)
Notes:

@ Optimal policy easier to compute from Q* than from V*!
(without using a model)

@ V*(x) = max, Q*(x, u) up
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Bellman optimality equation for V*

V*(Xo) = m’?X Vh(XO)

= max [p(Xo, Uo) + ’yp(X1 , U1) + ’yzp(Xg, U2) + .. ]

Uo,U1,...

= max [p(xo, Uo) + V" (x1)]
and since xy = f(xp, Up)

= Bellman optimality equation for V*

V(%) = max[p(x, u) + v V*(f(x, u))]
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Bellman optimality equation for V*: illustration
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Bellman optimality equation for Q*

Q" (%0, o) = max Q"(xo, to)
= max [p(xo, Uo) +vp(X1, Ur) +7Pp(Xe, U2) + ... ]

ug,uz,...

= p(Xo, o) +v max [p(xs, Us) +7p(Xe, U2) + ... ]
1,U2

yeen

= o0, t) + ym { 01, 1) + 3 ol ) .1
= p(Xo, Uo) + v max Q*(xy,uq)
and since x; = f(xo, Up)
= Bellman optimality equation (for Q*)

Q*(x,u) = p(x,u) + v max Q*(f(x, u), u")
ul

' W
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Bellman optimality equation for Q*: illustration
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Cleaning robot: optimal Q-function

Discount factor v = 0.5

I
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Checklist

Bellman eqgn-s | value iter. | policy iter.

deterministic | V[v]/Q|v] | vOo/QO| aO
stochastic vo/QQo vo/QQo QO
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Next:

Algorithms to find the optimal solution

In this part: Dynamic programming

@ Value iteration
@ Policy iteration
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9 Dynamic programming — deterministic case
@ Value iteration
@ Policy iteration
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Dynamic programming in the landscape of algorithms

By model usage:
@ Model-based: f, p known a priori
@ Model-free: f, p unknown (reinforcement learning)

By interaction level:
@ Offline: algorithm runs in advance
@ Online: algorithm runs with the system

Exact vs. approximate:
@ Exact: x, u small number of discrete values
@ Approximate: x, u continuous (or many discrete values)
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Value iteration template

Value iteration

1: find the optimal V-function V* or Q-function Q*
2: find h*, greedy with respect to V* or Q*
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V-iteration

@ Transform the Bellman optimality equation for V*:
V() = max{p(x, u) + 4 V*(F(x, u))]
into an iterative update:

V-iteration
initialize Vy arbitrarily (e.g. Vo(x) = 0 ¥x)
repeat at each iteration ¢
for all x do
Veir (x) = maxylp(x, u) + 7 Ve(f(x, u))]
end for
until convergence to V*
Once V* available: h*(x) = arg max,[p(x, u) + v V*(f(x, u))]

u
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V-iteration: illustration
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Q-iteration

@ Transform the Bellman optimality equation for Q*:
Q*(x, u) = p(x,u) +ymax Q*(f(x, u),u)
u/
into an iterative update:

Q-iteration
initialize Qg arbitrarily (e.g. Qo(x, u) = 0 ¥x, u)
repeat at each iteration ¢
for all x,u do
QE+1 (X> U) — p(X, U) + 7y maxy Qg(f(X, U), Ul)
end for
until convergence to Q*
Once Q* available: h*(x) = arg max, Q*(x, u)
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Q-iteration: illustration
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Cleaning robot: Q iteration, demo

Discount factor: v = 0.5

Q-iteration, ell=4

— || —r|— 8
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Cleaning robot: Q iteration

Q€+1 (Xa U) — p(X7 U) +7 muE/]X Qg(f(X, U), U/)

x=0 x=1 xX=2 x=3 x=4 x=5
Q 0;0 0;0 0;0 0;0 0:0 0:0
Q 0;0 1;0 0;0 0;0 0;5 0;0
Q 0;0 1,0 05;0 0;25 0;5 0;0
Q; 0;0 1;025 05;125 025;25 125;5 O0;0
Q 0:;0 1;0625 05;125 0625;25 125;5 0;0
Q 0:0 1;0625 05;125 0625:25 125:5 0:0
h* * -1 1 1 1 *

h*(x) = arg max Q*(x, u)
u



DP — deterministic
0000000e

Checklist

Bellman eqgn-s value iter. policy iter.

deterministic | V[v]/Q[v] | V[v]/Qlv/]| QO

stochastic viao/Qa vaO/QO QO
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Policy iteration template

Policy iteration
initialize policy hg arbitrarily
repeat at each iteration ¢
1: policy evaluation: find V" or Q"
2: policy improvement:
find hyy1(x) greedy in V" or Q™
until convergence to h*
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Policy evaluation with Q-functions

As in Q-iteration:
@ Transform the Bellman equation for Q":

Q"(x, u) = p(x, u) +~vQ"(f(x, u), h(f(x, u)))

into an iterative update:

Policy evaluation
initialize Qq arbitrarily
repeat at each iteration
for all x, u do
Q11(x, u) < p(x, u) +vQ-(f(x, u), h(f(x, u)))
end for
until convergence to Q"
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Policy evaluation with Q-functions: illustration
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Policy iteration with Q-functions

Policy iteration
initialize policy hg arbitrarily
repeat at each iteration /¢
1: policy evaluation:
initialize Qg arbitrarily
repeat at each iteration
for all x, u do
Qry1(x, U) + p(X, U) + Q- (F(x, u), h(f(x, u)))
end for
until convergence to Q"
2: policy improvement:
hyy1(x) + arg max, Q™ (x, u)
until convergence to h*
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Cleaning robot: policy iteration, demo

Initial policy: always go left

Policy evaluation, tau=3 (at policy iteration ell=4)

_:_ —|—|—|— 8

5
——Q(x, left)
Q(x, right
4 (x, right) |
3

1 |
T

0
0 1 2 3 4 5
6 . state, x
A ‘ —e—q-q"
2r 4
o .
0 1 2 3

policy evaluation iteration, tau
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Cleaning robot: policy iteration

Qr1(x, U) < p(x, u) +vQ-(f(x, u), h(f(x, u)))
)

h11(x) < arg max Q™ (x, u)
u

x=0 x=1 X=2 x=3 X=4 x=5
o * = = —1 = v
Q 0;0 0;0 0;0 0;0 0:0 0:0
Q 0:0 1;0 0:0 0;0 0;5 0:0
Q 0:0 1:0 05;0 0:0 0:5 0:0
Q 0;0 1;025 05;0 0.25;0 0;5 0;0
Q 0:0 1:;025 05;0.125 0.25;0 0.125:5 0;0
Qs 0:;0 1;025 05;0125 0.25;0.0625 0.125;5 0:;0
Q 0:0 1;025 05:;0.125 0.25;0.0625 0.125:5 0:0
A —1 —1 3 1 g

...algorithm continues...
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Cleaning robot: policy iteration (cont.)

x=0 x=1 X=2 x=3 xX=4 x=5
- —1 —1 — 1 :
Q 0:;0 0;0 0;0 0;0 0:0 0:0
Q 0:;0 1:025 05;0.125 0.25;25 0.125;5 0:0
ho  * = = i i g
Q 0:;0 0;0 0;0 0;0 0:0 0:0
Q4 0;0 1;0.25 0.5;1.25 0.25: 25 1.25;5 0:0
By * — 1 1 1 g
Q 0:0 0:0 0:0 0:0 0:0 0:0

Q 0;0 1;0625 05;1.25 0625;25 125;5 0;0
he — 1 1 1 "
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Checklist

Bellman eqgn-s value iter. policy iter.

deterministic | V[v]/Q|[v] | v]v]/Qlv]| al/]
QO

stochastic viao/Qa vaO/QO
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9 Analysis of dynamic programming algorithms
@ Value iteration
@ Policy iteration
@ Comparison



Convergence of value iteration
Stated for Q-functions, but works the same for V-functions:
@ Each iteration is a contraction with factor ~:
Qo1 — Qo <7 11Q — Q'

= Q iteration converges monotonically to Q*,
with convergence rate v = ~ helps convergence
9
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Stopping criterion

@ Convergence to Q* guaranteed in the limit, when ¢ — oo

@ In practice, the algorithm can be stopped when:

HQ€+1 - QZHOO < Eqiter
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Convergence of policy iteration

Evaluation component — like value iteration:
@ Policy evaluation iterations are contractive with with factor ~
= converges monotonically to Q", with rate ~

Complete algorithm:
@ Policy is either improved or already optimal
@ But the maximum number of improvements is finite! (|U|'X))
= converges to h* in a finite number of iterations
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Stopping criteria

In practice:
@ Policy evaluation can be stopped when:

HQT+1 - QT” < Epeval
@ Overall algorithm can be stopped when:

thJH - h@H < Epiter

@ Note: epier can be 0!



Analysis
ooe

Checklist

Bellman eqgn-s value iter. policy iter.

deterministic | V[v]/Q|[v] | v]v]/Qlv]| al/]
QO

stochastic viao/Qa vaO/QO
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Comparison between DP algorithms

Number of iterations
@ value iteration > policy iteration

Complexity
@ 1 value iteration > 1 policy evaluation iteration
@ many evaluation iterations for each policy improvement
= value iteration ??? policy iteration



oe

Exercises for the deterministic case

@ State the policy evaluation algorithm with V-functions, and
then the policy iteration algorithm based on it

@ Apply this policy iteration algorithm (on paper) to the
cleaning robot problem

© Prove the contraction property:

1Qr1 = Qe < 71 Qe = @l

© Write the desired contraction properties for:

e V* and V-iteration
e Q" and policy evaluation with Q-functions
e V/and policy evaluation with V-functions

and prove these properties
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0 Optimal solution — stochastic case
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Stochastic MDP reminder

State space X, action space U stay the same

Changes:
@ Transition function f(x, u,x’), f: X x Ux X — [0,1]
@ Reward function j(x, u,x"), p: XxUxX—=R
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Objective recap and V-function

Objective: Find h* that maximizes expected discounted return
(V-function):

Vh(XO) = Ex; xa,... {Z ’ykﬁ(Xk, h(Xi), Xic-+1 )}

k=0

from any xg
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Example: Machine replacement

@ Revenue: vi =1, =0.9,...,v5 =05
@ Cost of a new machine: ¢ =1
@ Wear level increases stochastically:

06 03 01 0 O
06 03 01 0

loj] = 06 0.3 0.1
07 03

1.0
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Machine replacement: MDP

Replace

@ Transition function:
p; fu=Wandi<j
fi,u,j))=41 ifu=Randj=1
0 otherwise

@ Reward function:
Vi ifu=W
-c+vy fu=R

ﬁ(’) U,j) = {
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Q-function, stochastic

Q-function under a policy h:

Q"(xo, Up) = Ex, {ﬁ(Xo, Up, Xy) +’7Vh(X1)}

Generalization of deterministic case: expected return
obtained by performing ug in xo and then following h




Optimal solutions, stochastic
Most formulas remain unchanged from the deterministic case:
@ Optimal V-function and Q-function:
V* .= max V" Q= max Q"
h h
@ Greedy policy in Q*
h*(x) € argmax Q*(x, u)
u
However, the stochastic transitions must be taken into account
to find greedy policy in V*:
h*(x) € argmaxEy {5(x, u,x') +yV*(x')}
u

=argmax Y _F(x,u,x') [p(x, u, x) +yV*(x)]
u

X/
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Bellman equation for V"

Vh(X) =Ey {ﬁ(X, h(X),x’) + ,yVh(X/)}
— Z?(X, h(X)’X/) [ﬁ(X, h(X),X/) +’Yvh(X/)}
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Bellman equation for Q"

Q"(x,u) = Ey {ﬁ(X, u, x') + Q" h(X/))}
= "Fx,u,x) [ﬁ(x7 u,x') + QN (X, h(X’))}
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Bellman optimality equation for V*

V*(x) = max By {(x, u,X') + 7 V*(X')}

= mg)xz ?(X, u, x' [ﬁ(x, u,x") + VV*(X,)J
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Bellman optimality equation for Q*

Q*(x,u) = EX/{ (xux)+7ma><Q*(x u)}

_foux [ xux)+7maxQ*(x u)]
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Machine replacement: Optimal solution

Discount factor v = 0.9

W R |98,

g6

Qix, Wait‘)

84r Qfx, Replace) H
§2r
sl
T8¢
76
T4F |—| =

state, x



Solution — stochastic
00000000000 e

Checklist

Bellman eqgn-s value iter. policy iter.

deterministic | V[v]/Q[v] | v[v]/alv/]| al/]

stochastic VIivi|/IQ|v vioO/QO QO
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Q Dynamic programming — stochastic case
@ Value iteration
@ Policy iteration
@ Analysis



DP — stochastic
90000000

V-iteration, stochastic

@ Recall Bellman optimality equation for V*:

V*(x) = max D Hxu X [B(x, u, X) + 4 VH(X)]

X/
@ As in deterministic case, transform it into iterative update:

V-iteration, stochastic |
initialize V arbitrarily
repeat at each iteration /¢
for all x do B
Vis1(x) = max > Hxu X! [(x, U, X) 4y Ve(X)]
end for .
until convergence to V*

h*(x) = argmax, >, f(x, u, x") [p(x, u, x") + v V*(x')] w
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V-iteration, stochastic: illustration
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Q-iteration, stochastic

@ Recall Bellman optimality equation for Q*:

Q" (x,u)=> f(x,u,x) {ﬁ(x, u,x')+ max Q*(x, u’)}

@ As in deterministic case, transform it into iterative update:

Q-iteration, stochastic |
initialize Qq arbitrarily
repeat at each iteration /¢
for all x, u do

Qui1(x, U) < ZX/ F(x, u, XY [p(x, u, X)

+ vy maxy Qg(X/, Ul)]
end for
until convergence to Q*

h*(x) = arg max, Q*(x, u) S b
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Q-iteration, stochastic: illustration
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Machine replacement: Q-iteration, demo

Discount factor: v = 0.9

Q-iteration, ell=64

85
8l
750 I
| I
; .
1 2 4 5
10 tate . .
—e—a-Q
S m—— -

iteration, ell
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Example: Machine replacement

@ Revenue: vi =1, =0.9,...,v5 =05
@ Cost of a new machine: ¢ =1
@ Wear level increases stochastically:

06 03 01 0 O
06 03 01 0

loj] = 0.6 0.3 0.1
0.7 0.3

1.0
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Machine replacement: Q-iteration

Quer(x, u) > F(x, u, X [p(x, u,x') + max Qy(x', u')]

X
Qo 0;0 ; ; ;
Q 1;0 09:0 0.8;0 0.7;0 06;0
Q 1.86; 0.9 1.67;0.9 1.48; 0.9 1.3;0.9 1.14; 0.9
Q; 258;167 231;167 205;167 1.83;1.67 1.63;1.67
Qs 3.2;233 287:233 255:233 23;233 2.1:2.33

Qs 825;742 784,742 755;742 738,742 7.28;742
Qss 825;742 784,742 755;742 738,742 7.28;742
h* W w w R R

h*(x) = arg max Q*(x, u)
u
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Checklist

Bellman eqgn-s value iter. policy iter.
deterministic | V[v]/Q[v] | V[v]/ @ Qlv]

v
stochastic ViviiQv| | Viv]iQ|Vv] QO
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Policy iteration, stochastic

Algorithm template remains unchanged

Policy iteration
initialize policy hg arbitrarily
repeat at each iteration ¢
1: policy evaluation: find V" or Q"
2: policy improvement:
find hy,1(x) greedy in V" or Q"
until convergence to h*
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Policy evaluation with Q-functions, stochastic

@ Bellman equation for Q" in the stochastic case:

Q"(x,u)=> f(x,u,x) [ﬁ(x, u, x') +~Q"(x, h(x’))]

Policy evaluation, stochastic
initialize Qo arbitrarily
repeat at each iteration 7

for all x, u do

Q,41(X, ) ZX, f(x, u, X') [p(x, u, x)

+7Q (X', h(x'))]
end for
until convergence to Q"
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[llustration
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Machine replacement: policy iteration, demo

Discount factor: v = 0.9, epeva = 0.01

Policy iteration, ell=3

Blw|w|R

8.2

781

761

7A4Ar _l

72

8

iteration, ell
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Machine replacement: policy iteration

Qr1(x,u) ZX, f(x, u, X)[(x, u, xX') +vQ-(X', h(x"))]

hey1(X) < arg max Q" (x, u)
u

x=1 xX=2 x=3 xX=4 x=5
ho w w W w W
Q 0;0 0:0 0:0 0:;:0 0:0
Q 1;0 09;0 08;0 0.7;0 06;0

Q 186;09 167;09 1.48; 0.9 1.3;0.9 1.14;0.9
Q; 258;167 231;1.67 205;167 1.83;1.67 1.63;1.67

Qs 751;6.75 6.95;6.75 6.49;6.75 6.17;6.75 5.9;6.75
Qi 752;6.75 6.96;6.75 6.5;6.75 6.18;6.75 5.91;6.75
hy W W R R R

...algorithm continues... up
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Machine replacement: policy iteration (cont.)

x=1 X=2 X=3 xX=4 x=5
hy W W R R R
Q 0;0 0;0 0;0 0;0 0;0
Qs 8.01;7.2 757;7.2 727;72 717:72 7.07:7.2
ho W w W R R
Q 0;0 0;0 0;0 0:0 0:0
Qs 817:735 7.76;735 747;735 7.3;735 72;7.35
hs W W W R R
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Checklist

Bellman eqgn-s value iter. policy iter.
deterministic | V|v |/ Q|v | | V|V |/ Q Qv

v
stochastic ViviiQv| | Viv]iQ|Vv] Qv
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Analysis

All deterministic-case results remain true in the stochastic case:

@ Value iteration converges monotonically to V* or Q*,
with rate v

@ Policy iteration converges to h* in finitely many iterations
(and policy evaluation converges to V" or Q" with rate ~)

@ Number of value iterations > policy iterations

@ Complexity of 1 value iteration > 1 policy evaluation
iteration

= Value iteration ??? policy iteration
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Exercises for the stochastic case

@ Write V* as a function of @*, and V" as a function of Q"

© State the policy evaluation algorithm with V-functions, and
then the policy iteration algorithm based on it
© Write the desired contraction properties for:

e V* and V-iteration
e Q* and Q-iteration
e Q" and policy evaluation with Q-functions
e V" and policy evaluation with V-functions

and prove these properties

Hint: Make sure you have solved the corresponding
deterministic-case exercises before attempting exercises 2-3
above.
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Key terms in this part

@ dynamic programming, DP
@ Q-function, V-function

@ Bellman equation

@ value iteration

@ Q-iteration

@ policy iteration

@ policy evaluation

@ policy improvement
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